
Math 8701 Complex Analysis Fall 2018

MWF 2:30-3:20, Vincent Hall 206 Instructor: Vladimir Sverak

Themes from Complex Analysis surface in many branches of mathematics and physics and therefore some
knowledge of it is important for practically all students of graduate-level mathematics and physics.

At the core of the subject is the observation that functions f : C → C for which the usual difference quotient
f(z+h)−f(z)

h converges to a limit as h → 0 in the complex numbers have remarkable properties. Such functions
are called holomorphic and appear naturally in various situations. They are more general than polynomials and
other algebraic functions, but at the same time sufficiently special to provide information which may be difficult
to extract from more general classes of functions. Often they seem to provide an ideal middle ground between
flexibility and rigidity.

For example, let us think of a two-dimensional disc D2 ⊂ R2 and the set Diff(D2) of one-to-one functions
f : D2 → D2 which are differentiable1 in the usual sense of the existence of partial derivatives ∂

∂xj
. The set Diff(D2)

is an infinite-dimensional object. On the other hand, we can think of the situation in terms of complex analysis,
identifying R2 with C and making a stronger requirement that f be holomorphic (rather than just differentiable in
the ordinary sense). In that case we deal with the holomorphic one-to-one mappings of the disc. We find that this
time we end up with a finite-dimensional object (described by three real parameters) - the group G of fractional
linear transformations of the form z → a z−b

bz−1 , with a, b ∈ C , |a| = 1, |b| < 1.

The group G is much smaller than Diff(D2), but still sufficiently rich to allow us to equip the disc D2 with a
geometry (turning it into the Poincaré disc) which provides a counter-example to the conjecture held approximately
between 300 BCE and 1800 that the fifth postulate of Euclid’s geometry can be derived from the other postulates.

Discrete subgroups of the group G are important objects2 in number theory, and together with certain holo-
morphic functions which are invariant (or change in a specific way) under their actions,3 have played an important
role in the proof4 of another famous conjecture - the Fermat’s last theorem. The connection to number theory
arises because the coefficients in suitable Taylor expansions of these functions have remarkable number-theoretic
properties.

Another class of holomorphic functions arises as generating functions related to counting various objects, which
leads to connections to combinatorics.

Discrete subgroups of G also have deep connections to topology and differential and algebraic geometry via
another classical result of complex analysis - the Uniformization Theorem, which classifies the simply connected 2d
surfaces with a complex structure.5

While discussing famous conjectures and complex analysis, one should of course mention the Riemann Hypothe-
sis, which is related to the distribution of primes and its connection with the Riemann zeta function ξ(z) =

∑∞
n=1

1
nz ,

one of the most remarkable holomorphic6 functions and, arguably, one of the most remarkable mathematical objects
in general.

The connection between the notions of the differentiability of f : C→ C in the Complex Analysis sense and the
usual partial derivatives (which are natural to consider when we identify C with R2) is provided by the Cauchy-
Riemann relations7- one of the simplest partial differential equations (PDEs). Still deeper connections to PDEs
appear in the context of Fourier analysis, originally also developed for the purposes of PDE analysis.

The goal of the course is to develop a good foundation of the subject, so that the students can pursue their
interest in any of the above directions, and many other important directions in which ideas of complex analysis
have found applications. The only prerequisite is some knowledge of the multi-variable calculus. Most of the time
we will be working with functions of two real variables.

The lectures will be self-contained. They will not follow any particular textbook, although the various topics we
will discuss are, of course, classical and are covered in one way or another in textbooks. Excellent textbooks which
cover some of the topics we will discuss include, for example, Complex Analysis by L. Ahlfors, Complex Analysis
by E. Stein and R. Shakarchi, and Real and Complex Analysis by W. Rudin. Online notes from another Complex
Analysis class taught by Peter Olver can provide an additional inspiring source.

The grades will be based on homework assignments.

1Usually one also adds a requirement that the inverse function f−1 is differentiable, but this is not an important point at the
moment.

2Called Fuchsian groups
3More precisely, the automorphic forms, more often considered in the equivalent setup of the upper half-plane.
4 A. Wiles (1995), Modular elliptic curves and Fermat’s Last Theorem, Annals of Mathematics, 141 (3), 443–551.
5There are only three classes: the sphere, the plane and the disc.
6strictly speaking, meromorphic
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